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In the linear-quadratic pursuit-evasion game, the pursuer (interceptor) wishes to minimize the terminal miss,

whereas the evader (target)wishes tomaximize it. Therefore, the optimal strategy of the interceptor is derived against

the anticipatedworst possible strategy of the target. If the interceptor has a lag, the current approach is to include this

lag directly in the system dynamics, which are known to both players. In this problem formulation, the optimal cost

could easily go to infinity, which means that the target will win the game. This is expected, because the target has

knowledge about interceptor’s lag. To ensure the existence of an interceptor strategy, the weighting on the terminal

miss has to be chosen small enough so that the optimal cost will remain finite. However, this manipulation prevents

the target from maximizing the terminal miss and effectively constrains the target strategy. Therefore, the

interceptor strategy is derived against theworst-case target strategy that is not really theworst case. In this paper, it is

shown that this interceptor strategy performs poorly in realistic situations where the target tries to maximize the

terminal miss. Instead, two new interceptor strategies are derived against target strategies that are determined

without knowledge about the interceptor’s lag. These two optimal interceptor strategies improve the game-theoretic

guidance law for homing missiles by correctly taking into account the autopilot lag.

I. Introduction

H OMING missile guidance has been an important area of
research in the past few decades. Because proportional

navigation [1–4] incurs large miss distance in the presence of
maneuvering targets, many advanced guidance laws have been
developed by using two different methods. One method is to use the
target model in which the target is assumed to perform a certain
maneuver. For example, the augmented proportional navigation is
derived, assuming that the target acceleration is constant in an inertial
direction [3–6]. More realistic guidance laws are derived, assuming
that the target acceleration vector may rotate but is orthogonal to the
target velocity vector, and its magnitude is either constant [7] or
sinusoidal [8]. The other method is to use the differential game in
which the target is assumed to be intelligent and tries tomaximize the
miss distance. This is the well-known linear-quadratic pursuit-
evasion game [2,4]. In the problem formulation, the pursuer
(interceptor) wishes to minimize the terminal miss, whereas the
evader (target) wishes to maximize it. Therefore, the optimal
interceptor strategy is derived against the anticipated worst-possible-
target strategy.

Because the acceleration command generated by the guidance law
is realizedby thecontrol law(autopilot),which tracks theacceleration
command by modulating the interceptor’s fins or thrusters, there
always exists a lag between desired and achieved accelerations.

Therefore, the interceptor’s performance can be improved by using a
guidance law that takes into account this autopilot lag, which is
usually modeled as first-order dynamics. For guidance laws that use
the target model, it is rather straightforward to include the
interceptor’s lag [3–5,8]. For the game-theoretic guidance law,
the current approach is to include the interceptor’s lag directly in the
system dynamics [4,9,10]. In this problem formulation, because the
system dynamics are known to both players, the target strategy is
determined with the knowledge about the interceptor’s lag. Then, the
target may maneuver at a small time-to-go to produce large terminal
miss, knowing that the interceptor will not have enough time to
respond due to its lag. Therefore, if a largeweighting is placed on the
terminal miss, the optimal cost could go to infinity, whichmeans that
the target will win the game, even though the target is less
maneuverable than the interceptor. This is consistent with the finite
escape time of the associated Riccati equation. To ensure the
existence of an interceptor strategy, the weighting on the terminal
miss has to be chosen to be small enough so that the optimal cost will
remain finite. However, this manipulation prevents the target from
maximizing the terminal miss and effectively constrains the target
strategy. Therefore, the interceptor strategy is derived against the
worst-case target strategy that is not really the worst case. This
interceptor strategywill not performwell against targets that intend to
maximize the terminal miss. In a realistic engagement scenario,
shown later, where the target performs a simple maneuver, this
interceptor strategy performsmuchworse than the classic interceptor
strategy, which does not consider the interceptor’s lag. This
interceptor strategy also performs much worse than the proportional
navigation that considers the interceptor’s lag.

In this paper, a new approach is proposed to improve the game-
theoretic guidance law in the presence of autopilot lag. Instead of
being determined together in one optimization problem, the
interceptor strategy and target strategy are determined separately in
two optimization problems. First, the target strategy is derived in a
two-sided optimization problem that does not consider the
interceptor’s lag. Then, the interceptor strategy is derived in a one-
sided optimization problem that considers the interceptor’s lag
subject to the target strategy derived in thefirst optimization problem.
In this problem formulation, the target strategy is determined,
assuming that the interceptor does not have a lag. Therefore, the
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interceptor strategy derived in the presence of interceptor’s lag
against this target strategy is more realistic and effective. However,
this new problem formulation does not have a saddle point condition
becauseof theadditional dynamicsof the interceptor’s lag.Therefore,
this new interceptor strategy is considered as the worst-case design,
where the target is perverse enough to determine itsworst strategy but
is not perverse enough to actually change its strategy as the game
evolves [2]. In other words, it is implicitly assumed that the target
plays first by announcing its strategy ahead of time. Note that, if the
second optimization problem does not consider the interceptor’s lag,
this new interceptor strategy is equivalent to the classic interceptor
strategy. Finally, another interceptor strategy is derived where the
secondoptimization problemconsiders the target strategy as an open-
loop strategy instead of a closed-loop strategy. That is, the target
strategy is a function of the states of the first optimization problem
instead of in feedback form as a function of the states of the second
optimization problem. Therefore, the target assumes that the
interceptor plays optimally, as in the first optimization problem, and
will not take advantage of any nonoptimal play made by the
interceptor [2]. While the interceptor strategy derived against the
open-loop target strategy satisfies a less stringent type of optimality, it
can be solved in closed form, which significantly reduces the
computation.

This paper is organized as follows. In Sec. II, the differential game
and linear-quadratic pursuit-evasion game are reviewed. In Sec. III,
the linear-quadratic pursuit-evasion game is formulated when the
interceptor has a lag. In Secs. IV and V , the optimal interceptor
strategies are derived against closed-loop and open-loop target
strategies, respectively. In Sec. VI, the two proposed guidance laws
are demonstrated in a numerical example where the three-
dimensional guidance law is equivalent to two two-dimensional
guidance laws through a decomposition of the three-dimensional
relative motion between the target and the interceptor into two two-
dimensional planes.

II. Background

A. Differential Game

Consider the linear differential game [2],

min
u1

max
u2
J

where the cost is

J� 1

2
x�tf�TQfx�tf� �

1

2

Z
tf

t0

�xTQx� uT1R1u1 � uT2R2u2� dt (1)

subject to the dynamics

_x� Ax� B1u1 � B2u2 (2)

where x is the state, u1 is the pursuer’s control, and u2 is the evader’s
control. Q, R1, R2, and Qf are designing weightings. By using the

calculus of variations, the first-order necessary condition produces
the optimal solutions:

u�1 ��R�11 BT1 �� (3a)

u�2 � R�12 BT2 �� (3b)

and the dynamic equation for the Lagrange multiplier

_����AT ���Qx (4)

where ���tf� �Qfx�tf�. By using the sweep method, where ��≜ Sx,
the optimal solutions can be written as

u�1 ��R�11 BT1Sx (5a)

u�2 � R�12 BT2Sx (5b)

where S satisfies the Riccati equation:

� _S� SA� ATS�Q� S�B1R
�1
1 B

T
1 � B2R

�1
2 B

T
2 �S (6)

and S�tf� �Qf. Finally, by solving the two auxiliary problems [2], it
can be shown that the pursuer and evader strategies in Eq. (5) satisfy
the saddle point condition; that is,

J�u�1 ; u2� � J�u�1 ; u�2� � J�u1; u�2�

B. Linear-Quadratic Pursuit-Evasion Game

Consider the one-dimensional relative dynamics between the
target and interceptor in the direction that is orthogonal to the
nominal line of sight (LOS), as shown in Fig. 1 [2,4]:

_�x� v (7a)

_v� aT � aI (7b)

where �x is the relative position, v is the relative velocity, aT is the
target acceleration, and aI is the interceptor acceleration. The linear-
quadratic pursuit-evasion game is [2,4]

min
aI

max
aT

�
1

2c
�x�tf�2 �

1

2

Z
tf

t0

�aI�t�2 � �aT�t�2	 dt
�

(8)

subject to Eq. (7), where c�1 > 0 is the design weighting on the
terminal miss and � > 1 is the design weighting on the
maneuverability of the target. Note that it is assumed that the inter-
ceptor ismoremaneuverable than the target.When� !1, the target
is nonmaneuvering.

By comparing Eqs. (7) and (8) with Eqs. (1) and (2), the state, the
pursuer’s control, and the evader’s control are

Fig. 1 One-dimensional relative motion between target and interceptor in two-dimensional plane.
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x� �x
v

� �
; u1 � aI; u2 � aT

with system matrices

A� 0 1

0 0

� �
; B1 �

0

�1

� �
; B2 �

0

1

� �

and design weightings

Q� 0; R1 � 1; R2 � �; Qf �
c�1 0

0 0

� �

By substituting the system matrices and design weightings into
Eq. (6), the Riccati matrix can be solved in closed form as

S�t� � 3

�1 � ��1�T3
go � 3c

1 Tgo
Tgo T2

go

� �
(9)

where Tgo ≜ tf � t is the time-to-go. Then, by using Eq. (5a), the
guidance law for the interceptor is

a�I �t� �
3Tgo

�1 � ��1�T3
go � 3c

� �x�t� � Tgov�t�	 (10)

Note that this interceptor acceleration is applied in the direction that
is orthogonal to the nominal LOS.

For this set of systemmatrices and design weightings, Eqs. (3) and
(4) can also be solved directly as follows. By integrating Eq. (4),

���t� � 1

c

1

Tgo

� �
�x�tf� (11)

By substituting Eq. (11) into Eq. (3), the interceptor strategy and
target strategy are

a�I �t� �
Tgo
c

�x�tf� (12a)

a�T�t� �
Tgo
�c

�x�tf� (12b)

To implement Eq. (12a), the interceptor acceleration needs to be
expressed in terms of the current state instead of the final state. By
integrating Eq. (7) with Eq. (12),

�x�tf� �
�
1�
�1 � ��1�T3

go

3c

��1
� �x�t� � Tgov�t�	 (13)

Then, by substituting Eq. (13) into Eq. (12a), the guidance law for the
interceptor is obtained, which is equivalent to Eq. (10), as expected.

Remark 1: From Fig. 1, the LOS rate is

_�� d

dt

�
tan�1

�x

VcTgo

�
�

�x� Tgov
VcT

2
go

(14)

where Vc is the closing velocity (i.e., the relative velocity along the
nominal LOS) assumed to be constant [2,4]. By using Eq. (14),
Eq. (10) can be written as

a�I � NVc _� (15)

where

N �
3T3

go

�1 � ��1�T3
go � 3c

(16)

is the navigation ratio. Note that

lim
c!0
N � lim

Tgo!1
N � 3

1 � ��1

When � !1 and c! 0, Eqs. (10) and (15) become

a�I �
3

T2
go

� �x� Tgov� � 3Vc _�

which is equivalent to the proportional navigation [2–4].
Remark 2: If the two-dimensional relative dynamics, as shown in

Fig. 1, are considered instead of the one-dimensional relative
dynamics,

_x 1 � v1; _x2 � v2; _v1 � aT1 � aI1 ; _v2 � aT2 � aI2

Then, the two-dimensional guidance law for the interceptor can be
obtained similarly as

a�I1 �
3Tgo

�1 � ��1�T3
go � 3c

�x1 � Tgov1� (17a)

a�I2 �
3Tgo

�1 � ��1�T3
go � 3c

�x2 � Tgov2� (17b)

Note that the interceptor acceleration is independent in each
direction. From Fig. 1, the LOS rate is

_�� d

dt

�
tan�1

x2
x1
� �0

�
� x1v2 � x2v1

x21 � x22
(18)

where �0 is the angle between the nominal LOS and the x1 axis. The
closing velocity and time-to-go are

Vc ≜ � _R�� d

dt

����������������
x21 � x22

q
�� x1v1 � x2v2����������������

x21 � x22
p (19a)

Tgo ≜ �
R

_R
�� x21 � x22

x1v1 � x2v2
(19b)

whereR is the range and _R is the range rate. Then, by using Eqs. (16),
(18), and (19), Eq. (17) can be written as

a�I1
a�I2

� �
� NVc _�

cos

�
�� �0 � �

2

�

sin

�
�� �0 � �

2

�
2
664

3
775

Note that this two-dimensional interceptor acceleration vector is
orthogonal to the instantaneous LOS. Therefore, depending on the
relative dynamics considered in the problem formulation, the
interceptor acceleration can be applied in the direction that is
orthogonal to either the nominal LOS or the instantaneous LOS.

III. Problem Formulation

Consider the one-dimensional relative dynamics in Eq. (7), but
now the interceptor has a lag due to its autopilot. This lag is modeled
by first-order dynamics with the pole at �� and the zero at � �

�
. That

is, the transfer function of the lag is

aI�s�
�aI�s�

� �s� �
s� � (20)

where �aI is the interceptor acceleration command. It is sometimes
important to include the zero in the lag. For example, tail-controlled
missiles have a nonminimal phase zero that can be modeled with
� < 0 [11]. Note that a lag without any zero is a special case of
Eq. (20) with �� 0. The interceptor acceleration in Eq. (20) can be
expressed as

aI � �1 � �� ~aI � � �aI (21)

where
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_~a I ��� ~aI � � �aI

If the interceptor’s lag is included directly in the system dynamics,
as suggested by [4,9,10], the linear-quadratic pursuit-evasion game
becomes

min
�aI

max
aT

�
1

2c
�x�tf�2 �

1

2

Z
tf

t0

� �aI�t�2 � �aT�t�2	 dt
�

(22)

subject to

_�x� v (23a)

_v� aT � �1 � �� ~aI � � �aI (23b)

_~a I ��� ~aI � � �aI (23c)

In this problem formulation, because the systemdynamics in Eq. (23)
are known to both players, the target strategy is determined with
knowledge about the interceptor’s lag. Then, the target may
maneuver at a small time-to-go to produce a large terminal miss,
knowing that the interceptor will not have enough time to respond
due to its lag. Therefore, if the weighting on the terminal miss (i.e.,
c�1) is too large, the optimal cost could go to infinity, which means
that the target will win the game even though the target is less
maneuverable than the interceptor. This is consistent with the finite
escape time of the associated Riccati equation [4,9,10]. To ensure the
existence of an interceptor strategy, c�1 has to be chosen small
enough so that the optimal cost will remain finite. However, this
manipulation prevents the target from maximizing the terminal miss
and effectively constrains the target strategy. Therefore, the
interceptor strategy is derived against the worst-case target strategy
that is not really the worst case. This interceptor strategy will not
perform well against targets that intend to maximize the terminal
miss. In Sec. VI.B, the numerical example shows that this interceptor
strategy performs much worse than the classic interceptor strategy in
Eq. (10), which does not consider the interceptor’s lag, and the
proportional navigation that considers the interceptor’s lag.

IV. Optimal Interceptor Strategy Against
Closed-Loop Target Strategy

To overcome this difficulty, a new approach is proposed, where the
target strategy and interceptor strategy are determined separately in
two optimization problems instead of together in one optimization
problem. First, the target strategy is derived in the two-sided
optimization problem that does not consider the interceptor’s lag.
This optimization problem is equivalent to the classic linear-
quadratic pursuit-evasion game in Sec. II.B. By using Eqs. (5b) and
(9), this target strategy is

a�T�
1

�

0

1

� �
T
�

3

�1���1�T3
go�3c

1 Tgo
Tgo T2

go

� ��
�x
v

� �
� 1

�
BT2Sx (24)

where

x�
�x
v
~aI

2
4

3
5; B2 �

0

1

0

2
4

3
5

S� 3

�1 � ��1�T3
go � 3c

1 Tgo 0

Tgo T2
go 0

0 0 0

2
4

3
5

By substituting Eq. (24) into Eq. (23),

_x�
�
A� 1

�
B2B

T
2S

�
x� B1 �aI (25)

where

A�
0 1 0

0 0 ��1 � ��
0 0 ��

2
4

3
5; B1 �

0

��
�

2
4

3
5

By substituting Eq. (24) into Eq. (22), the one-sided optimization
problem for deriving the interceptor strategy in the presence of
interceptor’s lag is

min
�aI

�
1

2
x�tf�TQfx�tf� �

1

2

Z
tf

t0

�xTQx� �a2I � dt
�

(26)

subject to Eq. (25), where

Q�� 1

�
SB2B

T
2S; Qf �

c�1 0 0

0 0 0

0 0 0

2
4

3
5

By using the calculus of variations, the optimal solution is

�a �I ��BT1 �Sx (27)

where �S satisfies the Riccati equation:

� _�S� �S�A� 1
�
B2B

T
2S� � �A� 1

�
B2B

T
2S�T �S � 1

�
SB2B

T
2S

� �SB1B
T
1
�S

and �S�tf� �Qf .
In this new problem formulation, the target strategy in Eq. (24) is

determined, assuming that the interceptor does not have a lag.
Therefore, the interceptor strategy in Eq. (27), derived in the presence
of interceptor’s lag against this target strategy, is more realistic and
effective. This is shown by the numerical example in Sec. VI.B.
However, this problem formulation does not have a saddle point
condition because of the additional dynamics of the interceptor’s lag.
Therefore, the interceptor strategy in Eq. (27) is considered as the
worst-case design, where the target is perverse enough to determine
its worst strategy but is not perverse enough to actually change its
strategy as the game evolves [2]. In other words, it is implicitly
assumed that the target plays first by announcing its strategy ahead of
time. Note that, when �!1, the interceptor strategy in Eq. (27) is
equivalent to the classic interceptor strategy in Eq. (10).

From Eq. (27), the guidance law for the interceptor can be written
as

�a �I � �� �S12 � � �S13� �x� �� �S22 � � �S23�v� �� �S23 � � �S33� ~aI (28)

where

�S�
�S11 �S12 �S13
�S12 �S22 �S23
�S13 �S23 �S33

2
4

3
5

By using Eq. (14), Eq. (28) can be written as

�a �I � NVc _�� �� �S23 � � �S33� ~aI (29)

where

N � T2
go�� �S12 � � �S13� � Tgo�� �S22 � � �S23�

Note that this interceptor acceleration command is applied in the
direction that is orthogonal to the nominal LOS. It can be shown
similarly, as in remark 2, that if the two-dimensional relative
dynamics are considered, the interceptor acceleration command will
be applied in the direction that is orthogonal to the instantaneous
LOS.

Remark 3: Another approach for deriving an effective interceptor
strategy in the presence of the interceptor’s lag is to further include
the target’s lag [4]. Then, the target cannotmaneuver instantaneously
at a small time-to-go to produce large terminal miss. However,
because the target’s lag is now included in the system dynamics, the
implementation of the guidance law for the interceptor requires the
estimation of the target acceleration. Furthermore, the interceptor
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usually does not have knowledge about the target’s lag in realistic
situations.

V. Optimal Interceptor Strategy Against
Open-Loop Target Strategy

Here, another interceptor strategy is derived similarly, but its
second optimization problem considers the target strategy as an
open-loop strategy instead of a closed-loop strategy. That is, the
target strategy is a function of the state of the first optimization
problem instead of in feedback form as a function of the state of the
second optimization problem. From Eqs. (12b) and (13), the open-
loop target strategy is

a�T�t� �
Tgo
�c

�x1�tf� (30)

where

�x 1�tf� �
�
1�
�1 � ��1�T3

go

3c

��1
� �x1�t� � Tgov1�t�	 (31)

and the subscript 1 represents the state of the first optimization
problem.

By substituting Eq. (30) into Eqs. (22) and (23), the one-sided
optimization problem for deriving the interceptor strategy in the
presence of the interceptor’s lag is

min
�aI

�
1

2c
�x2�tf�2 �

1

2

Z
tf

t0

�aI�t�2 dt
�

subject to

_�x 2 � v2 (32a)

_v 2 �
Tgo
�c

�x1�tf� � �1 � �� ~aI � � �aI (32b)

_~a I ��� ~aI � � �aI (32c)

where the subscript 2 represents the state of the second optimization
problem. In this problem formulation, the target assumes that the
interceptor plays optimally, as in the first optimization problem, and
will not take advantage of any nonoptimal play made by the
interceptor [2]. Therefore, the interceptor strategy derived against the
open-loop target strategy satisfies a less stringent type of optimality
than the interceptor strategy [Eq. (27)] derived against the closed-
loop target strategy. However, this interceptor strategy can be solved
in closed form as follows, which significantly reduces the
computation.

To solve this optimization problem, the Hamiltonian is written as

H� 1

2
�a2I � �1v2 � �2

�
Tgo
�c

�x1�tf� � �1 � �� ~aI � � �aI
�

� �3��� ~aI � � �aI�

where �1, �2, and �3 are Lagrange multipliers. From the first-order
necessary condition, the optimal solution for the interceptor
acceleration command is

�a �I ����3 � ��2 (33)

and the dynamic equations for the Lagrange multipliers are

_� 1 � 0 (34a)

_� 2 ���1 (34b)

_� 3 � ��3 � �1 � ���2 (34c)

where �1�tf� � 1
c
�x2�tf�, �2�tf� � 0, and �3�tf� � 0. By integrating

Eq. (34),

�1�t� �
1

c
�x2�tf� (35a)

�2�t� �
Tgo
c

�x2�tf� (35b)

�3�t� �
1 � �
�2c
�1 � �Tgo � e��Tgo� �x2�tf� (35c)

By substituting Eq. (35) into Eq. (33), the interceptor strategy is

�a �I �t� � �
1

�c
�1 � � � �Tgo � �1 � ��e��Tgo 	 �x2�tf� (36)

To implement Eq. (36), the interceptor acceleration command
needs to be expressed in terms of the current state instead of the final
state. By integrating Eq. (32c) with Eq. (36),

~aI�t� � e�Tgo ~aI�tf� �
1

c

�
Tgo �

�

�
� 1� �

2�
e�Tgo

� 1 � �
2�

e��Tgo
�
�x2�tf� (37)

By integrating Eq. (32b) with Eqs. (36) and (37),

v2�t��
1� �
�
�e�Tgo � 1� ~aI�tf�� v2�tf�

� 1

2c

�
T2
go�

1� �2

�2
�2� e�Tgo � e��Tgo�

�
�x2�tf� �

T2
go

2�c
�x1�tf� (38)

By integrating Eq. (32a) with Eq. (38),

�x2�t� �
1 � �
�2
�1� �Tgo � e�Tgo� ~aI�tf� � Tgov2�tf�

� 1

2c

�
2c �

T3
go

3
�
2�1 � �2�Tgo

�2

� 1 � �2

�3
�e�Tgo � e��Tgo�

�
�x2�tf� �

T3
go

6�c
�x1�tf� (39)

Now, the current state is expressed in terms of the final state, as in
Eqs. (37–39). By inverting these equations and using Eq. (31), �x2�tf�
can be expressed in terms of the current state as

�x2�tf� � �c

�
�x2�t� � Tgov2�t� �

1 � �
�2
�1 � �Tgo � e��Tgo� ~aI�t�

�
T3
go

�� � 1�T3
go � 3�c

�x1�t� �
T4
go

�� � 1�T3
go � 3�c

v1�t�
�

(40)

where

�c� 2c

�
2c� 1� 2� � 3�2

�3
�

2�1 � ��2Tgo
�2

�
2�1 � ��T2

go

�

�
2T3

go

3
� 4�1 � ��

�2

�
Tgo �

�

�

�
e��Tgo � �1 � ��

2

�3
e�2�Tgo

��1

Then, by substituting Eq. (40) into Eq. (36) and letting �x� �x1 � �x2
and v� v1 � v2, the guidance law for the interceptor is obtained in
closed form as

�a�I �t� � c�
�

T3
go � 3c

�1 � ��1�T3
go � 3c

�x�t� �
Tgo�T3

go � 3c�
�1 � ��1�T3

go � 3c
v�t�

� 1 � �
�2
�1 � �Tgo � e��Tgo� ~aI�t�

�
(41)
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where

c� � � 2

�
�1 � � � �Tgo � �1 � ��e��Tgo 	

�
2c� 1� 2� � 3�2

�3

�
2�1 � ��2Tgo

�2
�
2�1 � ��T2

go

�
�

2T3
go

3

� 4�1 � ��
�2

�
Tgo �

�

�

�
e��Tgo � �1 � ��

2

�3
e�2�Tgo

��1
Note that, when �!1, the interceptor strategy in Eq. (41) is
equivalent to the classic interceptor strategy in Eq. (10). That is, in
the limit when the time constant of the interceptor’s lag goes to zero,
this new guidance law is equivalent to the classic game-theoretic
guidance law, which does not consider any lag.

By using Eq. (14), Eq. (41) can be written as

�a �I � NVc _��
c��1 � ��

�2
�1 � �Tgo � e��Tgo� ~aI (42)

where

N �
c�T2

go�T3
go � 3c�

�1 � ��1�T3
go � 3c

(43)

and

lim
Tgo!1

N � 3

1 � ��1

Note that this interceptor acceleration command is applied in the
direction that is orthogonal to the nominal LOS. It can be shown
similarly, as in remark 2, that if the two-dimensional relative
dynamics are considered, the interceptor acceleration command will
be applied in the direction that is orthogonal to the instantaneous
LOS.

Remark 4: For the purpose of comparison, the guidance law for
the interceptor obtained by solving the optimization problem in
Eq. (22) is

�a �I �t��c�
�
�x�t��Tgov�t��

1��
�2
�1��Tgo�e��Tgo� ~aI�t�

�
(44)

where

c� � � 2

�
�1 � � � �Tgo � �1 � ��e��Tgo 	

�
2c� 1� 2� � 3�2

�3

�
2�1 � ��2Tgo

�2
�
2�1 � ��T2

go

�
�

2�1 � ��1�T3
go

3

� 4�1 � ��
�2

�
Tgo �

�

�

�
e��Tgo � �1 � ��

2

�3
e�2�Tgo

��1
When �� 0, Eq. (44) is equivalent to the guidance law in [4]. Note
that, when �!1, Eq. (44) is equivalent to Eq. (10). By using
Eq. (14), Eq. (44) can be written as

�a �I � NVc _��
c��1 � ��

�2
�1 � �Tgo � e��Tgo� ~aI (45)

where

N � c�T2
go

Note that, when � !1, Eqs. (41) and (42) are equivalent to
Eqs. (44) and (45) and are the proportional navigation that considers
the interceptor’s lag [3,4].

VI. Numerical Example

The proposed guidance laws in Eqs. (29) and (42) are compared
with the guidance law in Eq. (45), which is similar to the guidance
law in [4] and the classic game-theoretic guidance law in Eq. (15),
which does not consider the interceptor’s lag. The performance of

these four guidance laws are evaluated against a maneuvering target.
The three-dimensional intercept geometry is shown in Fig. 2 and
Table 1. The initial interceptor velocity vector is chosen, such that the
magnitude is 1000 ft=s and the orientation places the interceptor and
target (if nonmaneuvering) on the collision triangle. The interceptor
acceleration command vector is updated at 100Hz, and itsmagnitude
is limited below 10 g. The interceptor’s lag in Eq. (20) is chosen with
�� 2 and ���0:2. That is, the time constant of the lag is 0.5 s, and
it has a nonminimal phase zero. The target starts maneuvering
without any lag by pulling up vertically at different instances of the
engagement. Specifically, the target acceleration vector is in the
vertical plane that contains the target velocity vector, and its
orientation is orthogonal to the target velocity vector with a constant
magnitude of 5 g. In Fig. 2, the target starts maneuvering after 1 s into
the engagement, and the interceptor uses the guidance law in
Eq. (42).

A. Guidance Law Implementation

To implement the guidance laws, the three-dimensional relative
motion between the target and the interceptor is decomposed into
two two-dimensional planes: the vertical plane that contains er and
e�, and the horizontal plane that contains er and e�, as shown in
Fig. 3 [12]. The coordinate frame �er; e�; e�� is derived from the
inertial coordinate frame �X1; X2; X3�, first with the rotation around
the X3 axis by � (azimuth) and then with the rotation around the
intermediate X2 axis by �� (elevation), so that er is along the
instantaneous LOS, and

e r �
cos� cos �
cos� sin �

sin�

" #
; e� �

� sin �
cos �
0

2
4

3
5

e� �
� sin� cos �
� sin� sin �

cos�

2
4

3
5

The LOS rate vector is

_er � w 
 er � � _� sin�er � _�e� � _� cos�e��


 er � _� cos�e� � _�e�

where w is the angular velocity of the coordinate frame �er; e�; e��
with respect to the coordinate frame �X1; X2; X3�. Then, the LOS

rate in the vertical plane �er; e�� is _�, and the LOS rate in the

horizon plane �er; e�� is _� cos�. Therefore, the three-dimensional
interceptor acceleration command vector is

Table 1 Initial conditions of target and interceptor

Target Interceptor

Position, ft (1500, 2000, 2500) (0, 0, 0)
Velocity, ft=s �0; � 1000; 0� �480; � 360; 800�

0
500

1000
1500

2000

−2000
−1000

0
1000

2000
0

500

1000

1500

2000

2500

3000

Position x (ft)Position y (ft)

P
os

iti
on

 z
 (

ft)

Target

Interceptor

Fig. 2 Example trajectories of target and interceptor.
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�a I�e� � �aI�e� (46)

where �aI� and �aI� are obtained by using the guidance law in

Eqs. (29), (42), and (45) or Eq. (15) with _�� _� and _�� _� cos�,
respectively. Note that, when the design weightings for the two two-
dimensional guidance laws are chosen to be the same, Eq. (46) is
equivalent to the interceptor acceleration command in [12] when the
interceptor’s lag is not considered.

To generate the simulation results in Sec. VI.B, it is assumed that
perfect information is available. That is, the relative position x1, x2,
x3, and the relative velocity v1, v2, and v3 are known perfectly.
In practice, they can be estimated by using the game-theoretic filters
in [8,13], which are derived based on the linear-exponential-
Gaussian differential gamewith different information patterns solved
in [14,15]. Then, the LOS rates can be obtained by using

_�� d

dt

�
sin�1

x3���������������������������
x21 � x22 � x23

p �
� �x

2
1 � x22�v3 � x3�x1v1 � x2v2�����������������
x21 � x22

p
�x21 � x22 � x23�

(47a)

_�� d

dt

�
tan�1

x2
x1

�
� x1v2 � x2v1

x21 � x22
(47b)

The closing velocity and time-to-go can be obtained by using

Vc �� _R�� d

dt

���������������������������
x21 � x22 � x23

q
�� x1v1 � x2v2 � x3v3���������������������������

x21 � x22 � x23
p (48a)

Tgo ��
R

_R
�� x21 � x22 � x23

x1v1 � x2v2 � x3v3
(48b)

It is also assumed that ~aI� and ~aI� are known perfectly. In practice,

they can be obtained by using Eq. (21), where aI� and aI� are

measured and �aI� and �aI� are known.

Remark 5: If the three-dimensional relative dynamics, as shown in
Fig. 3, are considered instead of the decomposition into two two-
dimensional relative dynamics, the three-dimensional guidance law
for the interceptor can be obtained, similarly to Eq. (41), as

�a�I1 � c
�
�

T3
go � 3c

�1 � ��1�T3
go � 3c

x1 �
Tgo�T3

go � 3c�
�1 � ��1�T3

go � 3c
v1

� 1 � �
�2
�1 � �Tgo � e��Tgo� ~aI1

�
(49a)

�a�I2 � c
�
�

T3
go � 3c

�1 � ��1�T3
go � 3c

x2 �
Tgo�T3

go � 3c�
�1 � ��1�T3

go � 3c
v2

� 1 � �
�2
�1 � �Tgo � e��Tgo� ~aI2

�
(49b)

�a�I3 � c
�
�

T3
go � 3c

�1 � ��1�T3
go � 3c

x3 �
Tgo�T3

go � 3c�
�1 � ��1�T3

go � 3c
v3

� 1 � �
�2
�1 � �Tgo � e��Tgo� ~aI3

�
(49c)

Note that the interceptor acceleration command is independent in
each direction. ByusingEqs. (43), (47), and (48), it can be shown that
Eq. (49) is equivalent to Eq. (46) when the design weightings for the
two two-dimensional guidance laws are chosen to be the same. Note
that this is also shown in [16] in a more compact way by expressing
the guidance law in the vector form when the interceptor’s lag is not
considered.

B. Simulation Results

To determine the best performance and understand the behavior of
the four guidance laws, a range of designweightings (i.e., � and c) are
applied. Because � and c have a one-to-one relationship with the
navigation ratio when Tgo !1 (denoted as Nss) and the maximal
navigation ratio (denoted as Nmax), Nss and Nmax are used as the

Fig. 3 Three-dimensional relative motion between target and

interceptor.
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Fig. 4 Miss distance results for guidance law in Eq. (29).
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independent variables instead of � and c for the parametric study
because of their physicalmeanings and importance. Furthermore, the
maximal navigation ratio is limited below 50 to be practical, while
results with a higher maximal navigation ratio can be inferred.

For the proposed guidance law inEq. (29),withNmax � 50, Fig. 4a
shows the miss distance versus the time-to-go when the target starts
maneuvering. It is shown that Eq. (29) has the best performancewhen
Nss � 4. Note that whenNss � 3, � !1, and it is equivalent to the
proportional navigation that considers the interceptor’s lag. By
averaging the miss distance over the entire range of the time-to-go
when the target starts maneuvering, Fig. 4b shows the average miss
distanceversus themaximal navigation ratio. It is shown that Eq. (29)
has the best performance when Nss � 4 and Nmax � 35.

For the proposed guidance law inEq. (42),withNmax � 50, Fig. 5a
shows the miss distance versus the time-to-go when the target starts
maneuvering. It is shown that Eq. (42) has the best performancewhen
5 � Nss � 7. Note that when Nss � 3, it is equivalent to the
proportional navigation that considers the interceptor’s lag.
Figure 5b shows the average miss distance versus the maximal
navigation ratio. It is shown that Eq. (42) has the best performance
when 5 � Nss � 7 andNmax � 35. From Figs. 4 and 5, the guidance
law in Eq. (42) performs better than the guidance law in Eq. (29).

For the guidance law in Eq. (45), which is similar to the guidance
law in [4], Fig. 6a shows themiss distancewithNmax � 50 versus the
time-to-gowhen the target starts maneuvering, and Fig. 6b shows the
average miss distance versus the maximal navigation ratio. It is
shown that Eq. (45) has the best performancewhenNss � 3, where it
is equivalent to the proportional navigation that considers the
interceptor’s lag. Therefore, Eq. (45) performs worse than the

proportional navigation that considers the interceptor’s lag. While
only one target maneuver and one intercept geometry are considered
here, the poor performance of Eq. (45) is uncharacteristic for a game-
theoretic guidance law, which is designed conservatively by
considering theworst-case target strategy.As discussed earlier, this is
because Eq. (45) exists only when c�1 is small and is derived against
the worst-case target strategy that is not really the worst case.
Although this approach is mathematically correct, its interpretation
of the differential game and application to the missile intercept
problem are clearly inappropriate. From Figs. 4–6, the guidance laws
in Eqs. (29) and (42) perform significantly better than the guidance
law in Eq. (45) by correctly taking into account the interceptor’s lag.

For the classic game-theoretic guidance law Eq. (15), which does
not consider the interceptor’s lag, c! 0 is chosen and the navigation
ratio becomes a constant for which the value depends on �. Figure 7
shows the miss distance versus the time-to-go when the target starts
maneuvering. It is shown that Eq. (15) has the best performancewhen
5 � N � 10. Note that, when N � 3, it is equivalent to the
proportional navigation that does not consider the interceptor’s lag.
From Figs. 6 and 7, the guidance law in Eq. (45) performs much
worse than the guidance law in Eq. (15), even though Eq. (45)
considers the interceptor’s lag while Eq. (15) does not. Furthermore,
fromFigs. 4, 5, and 7, the guidance laws in Eqs. (29) and (42) perform
significantly better than the guidance law in Eq. (15) by considering
the interceptor’s lag.

Finally, Fig. 8 shows the navigation ratio of the guidance laws in
Eqs. (29), (42), and (45) versus the time-to-go where Nss � 4, 5 and
4, respectively, and Nmax � 50. When the time-to-go is small, the
navigation ratio of Eq. (45) is very small, which indicates an
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ineffective guidance law, because the interceptor acceleration is not
commanded in the last second before intercept. This explains the
poor performance of Eq. (45), shown in Fig. 6, where the target is
always maneuvering. Furthermore, the better performance of the
guidance law in Eq. (42) over Eq. (29), shown in Figs. 4 and 5, is
probably because the maximal navigation ratio of Eq. (42) occurs
closer to the intercept than Eq. (29). Finally, to compensate the initial
response of the interceptor acceleration in the opposite direction of
the interceptor acceleration command due to the nonminimal phase
zero, the navigation ratio is negative when the time-to-go is very

small. Note that if the guidance laws do not consider the nonminimal
phase zero, the navigation ratio will always be positive.

VII. Conclusions

It is revealed that the game-theoretic guidance law that considers
the lag previously published in many papers and books performs
poorly against targets that try to maximize the terminal miss. In
particular, it performs worse than the classic game-theoretic
guidance law, which does not consider the lag, and the proportional
navigation that considers the lag. The problem is identified as the
incorrect and unrealistic assumption that the target has knowledge
about the interceptor’s lag. Therefore, two new guidance laws are
derived against targets that do not have knowledge about the
interceptor’s lag. Although there exists no saddle point condition for
these two guidance laws, they can be considered as the worst-case
design, where the target plays first by announcing its strategy ahead
of time. The numerical example shows that these two new guidance
laws improve the game-theoretic guidance law for homing missiles
by correctly taking into account the autopilot lag.
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